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Hermitian = Selfadjoint

Non-Hermitian = Non-Selfadjoint𝐻† = 𝐻∗𝐻∗ = 𝐻
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What Are Topological Phenomena?

Quantum Hall Effect Electromagnetic waves Coupled Oscillators

What makes a physical effect
topological?
Find amathematical object
(e. g. projection or vector bundle)
whose topologymanifests itself on
the level of physics.

Bulk-Boundary Correspondence𝑂EG\(𝑡) ≈ 𝑇EG\ = 𝑓(𝑇EXON) Step 1: Bulk Classification• Classify systems with certain
symmetries• Identify all topological invariants

5 / 23



. .. .. .. .
Topological Phenomena

. .. .. .. .. .. .. .. .. .. .
Homotopy Definition

. .. .. .. .. .. .
Discrete Symmetries

Bulk-Boundary Correspondences

Transverse conductivity (von Klitzing et. al)

k

ω

+1 −1 +1 +1 − 1 + 1 = + 1
+1

+1

Spectral flow

𝜎⟂
HGJH ≈ 𝑒2ℎ 6I = 𝑒2ℎ (&K/ − &K5)

Quantum Hall Effect• Transverse edge conductivity• Spectral flow• Chern number
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negative-index metamaterials [13–15]. Not surprisingly, the discovery of topological wave 
phenomena generated the rapidly developing field of topological photonics [16,17].  

Topological electromagnetic modes have been predicted and demonstrated in rather 
complicated periodic systems, including nanostructured metamaterials, which mimic condensed-
matter crystals with topologically-nontrivial electron Hamiltonians. This approach requires 
considerable engineering efforts and suffers from inevitable losses, imperfections, etc. In 
contrast, in this paper, we reveal nontrivial topological properties for the most basic form of 
Maxwell equations involving only isotropic lossless homogeneous media characterized by the 
permittivity  and permeability . We assume we are in a frequency regime of the medium 
where we may neglect dispersion, and ! and " are (positive or negative) real scalars.  

We show that all surface Maxwell waves appearing at interfaces between media with 
different signs of ! and " are topological in nature. We justify the moniker “topological” in two 
ways: first, we connect the topology of the bulk system to the topology of the parameter space; 
this is analogous to earlier works from the condensed matter context [DL piezo + 1–2 other 
references]. Secondly, we derive two bulk-boundary correspondences [cite Hatsugai 1+2, SBP 
book], specifically equations (4a) and (4b), where we prove that a measurable topological 
quantity associated to the interface can be expressed a function of the topological bulk 
invariants. A central difference to other works in the field is that we do not base our topological 
classification on the frequency eigenvalue equation (*), but rather on the analysis of another 
conserved quantity, namely helicity. The non-trivial topology of the bulk system parameter space 
is generated by the condition that the “helicity gap” must remain open, which translates to 
excluding the regions where ! = 0 or " = 0. This partitions parameter space into four regions, 
which we label by the signs of ! and ". And the interface invariants can be related to windings of 
the helicity operator’s eigenspaces in the complex plane. Note that the helicity operator is not 
Hermitian for some values of ! and ". The fact that these interface modes exist, are topological 
and necessarily either TE or TM polarized has a very elegant explanation within our framing: the 
existence and number of the surface modes depends on the winding in the helicity spectrum, and 
the surface modes are zero modes of the helicity operator.  

This non-Hermitian topological theory allows us to fully explain the nontrivial phase 
diagram of Maxwell surface modes, which includes well-known examples of surface plasmon-
polaritons at metal-dielectric and negative-index interfaces, and to augment it with previously-
overlooked evanescent surface waves decaying along the propagation direction or/and in time. 
Although this diagram is obtained from the standard Maxwell equations and boundary 
conditions, only the present topological theory explains why surface Maxwell modes of different 
TE and TM polarizations exist in the corresponding regions of the parameter -space. 
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Deleted: We show that all surface Maxwell waves 
appearing at interfaces between media with different signs of 

 and  have topological nature. Importantly, this nature 
is different from that of the electron topological insulators 
[1,2]. Instead of the gapped energy spectrum of electrons in 
the momentum space, here we deal with the gapped helicity 
spectrum of photons in the  parameter space. 
Moreover, we demonstrate that the helicity operator and 
helicity-based quantum-like form of Maxwell equations in a 
lossless medium is are non-Hermitian with respect to the 
standard inner product [18,19]. As a result, Maxwell surface 
modes are described by a two pairs of topological  
numbers:, which describes the winding of the complex 
helicity spectrum and labels topologically different zones of 
the non-Hermitian operator separated by the exceptional 
points. This topological number can also be presented as the 
phase of the complex Chern numbers for photons in a 
medium (which becomes imaginary in metallic media with 

). Moreover, there is a pair of additional t 
indices, which describe the zones of the TE and TM 
polarizations of surface modes. 
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polarized, i.e., having electric and magnetic fields parallel and perpendicular to the interface and 
orthogonal to each other.  

Second, the non-Hermitian indices  determine the separation between 
the TE and TM phases. Indeed, from the dual symmetry between the electric and magnetic 
quantities ( , TE TM) and the spatial inversion symmetry, which exchanges the two 
media, , and produces the substitution , one can conclude that the 
TE and TM modes must swap upon the sign flip of the non-Hermitian indices (5):  or 

 . This results in the diagram Fig. 3(b), where the lines  and  divide the 

-plane into alternating zones of TE and TM polarizations.  
Note that according to the helicity-winding diagram Fig. 3(a), both TE and TM surface 

waves exist at every point of the “two-mode” zone , but only one of these modes 
is shown in Fig. 3(b). Showing both of these modes results in the two diagrams in Fig. 3(c), but 
only the first diagram corresponds to the propagating surface modes. Indeed, direct calculations 
show that the wavevectors of the surface modes have the form  and  
for the TM and TE polarizations, respectively (see Supplementary Materials). Hence one of 
these is always real (propagating modes in the first diagram Fig. 3(c)) while the other one is 
imaginary (evanescent surface modes in the second diagram Fig. 3(c)). Although these 
evanescent surface modes have never been considered before, these are observable, e.g., in the 
near-field scattering of surface electromagnetic waves. Furthermore,  for both 
propagating and evanescent surface modes at interfaces involving “epsilon-near-zero” or “mu-
near-zero” materials, where the contribution of evanescent surface modes can become crucial. 
 

 
Fig. 3. Phase diagrams of surface Maxwell waves. (a) Zones of the existence of 
zero, one, and two surface zero-helicity modes described by the topological “helicity 
winding number” (2) and (**), see Fig. 2(b). (b) Phase separation of the TE and TM 
modes described by the “non-Hermitian” indices (5). (c) The phase diagrams resulting 
from the combination of (a) and (b). The “two-mode” quadrant  has 

v ε r ,µr( ) ≡ v1,v2( )

ε r ↔ µr ↔

1↔ 2 ε r ,µr( )→ 1/ ε r ,1 / µr( )
v1 →−v1

v2 →−v2 ε r = µr ε rµr = 1

ε r ,µr( )

ε r < 0,µr < 0( )

ksurf ∝ v1v2 ksurf ∝ −v1v2

  ksurf → 0

ε r < 0,µr < 0( )

Bliokh, Leykam, L. & Nori, Nature Communications 10, issue 1, article 580, 2019

Conjecture (Bulk-Boundary Conjecture
(Bliokh, Leykam, L. & Nori 2019))𝑁Σ

VXUI = 𝑁7(
VXUI + 𝑁70

VXUI𝑁7(
VXUI = 12 (1 − VJQ 𝜀U) = 12 (1 − VJQ(𝜀1) VJQ(𝜀2))𝑁70
VXUI = 12 (1 − VJQ𝜇U) = 12 (1 − VJQ(𝜇1) VJQ(𝜇2))

Electromagnetic interface modes• Number of boundary modes• Topological boundary invariant• Topological bulk invariant
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Electromagnetic Interface Modes at Metal-Dielectric Interfaces

Maxwell’s equations for homogeneous media(𝜀 00 𝜇) 𝜕𝜕𝑡 (((𝑡)
+(𝑡)) = (+∇ × ((𝑡)−∇ ×+(𝑡))( ∇ ⋅ 𝜀((𝑡)∇ ⋅ 𝜇+(𝑡)) = (00)

Physical parameters• Electric permittivity 𝜀• Magnetic permeability 𝜇

• Parameter space (𝜀, 𝜇) ∈ 𝑋 ∶= (ℝ ∖ {0})2• Topological bulk phases⇝ Set of connected components 𝜋0(𝑋)⇝ Homotopy definition• [(𝜀, 𝜇)] ∈ 𝜋0(𝑋) = {++, +−, −+, −−}⇝ Not a group

Bliokh, Leykam, L. & Nori, Nature Comm. 10, 2019
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• Parameter space (𝜀, 𝜇) ∈ 𝑋 ∶= (ℝ ∖ {0})2• Topological bulk phases⇝ Set of connected components 𝜋0(𝑋)⇝ Homotopy definition• [(𝜀, 𝜇)] ∈ 𝜋0(𝑋) = {++, +−, −+, −−}⇝ Not a group[(𝜀, 𝜇)] ∶= {(𝜀′, 𝜇′) ∈ 𝑋 ∣ ∃ continuous path𝛾 ∶ [0, 1] ⟶ 𝑋, 𝛾(0) = (𝜀, 𝜇), 𝛾(1) = (𝜀′, 𝜇′)}
Bliokh, Leykam, L. & Nori, Nature Comm. 10, 2019
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Quantization of Piezocurrents in Graphene-Like Materials

𝛾 + 𝛾1
𝛾

𝛾 + 𝛾2
𝜓(1)𝛾𝜓(0)𝛾

𝜓(1)𝛾+𝛾1𝜓(0)𝛾+𝛾1

V

𝛾1−𝛾2
−𝛾1 𝛾3 𝛾2

−𝛾3
𝛿1𝛿2

𝛿0
Single layer of boron nitride: honeycomb

L𝜀𝜕𝑡Ψ(𝑡) = 𝐻(𝑡)Ψ(𝑡)𝐻(𝑡 + 𝑇 ) = 𝐻(𝑡) = 𝐻(𝑡)∗ ∈ ℬ(ℓ2(ℤ2, ℂ2))• 𝜀 adiabatic parameter• Adiabatic approximation for time evolution⇝ Simpler approximate time evolution
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Quantization of Piezocurrents in Graphene-Like Materials

𝛾 + 𝛾1
𝛾

𝛾 + 𝛾2
𝜓(1)𝛾𝜓(0)𝛾

𝜓(1)𝛾+𝛾1𝜓(0)𝛾+𝛾1

V

𝛾1−𝛾2
−𝛾1 𝛾3 𝛾2

−𝛾3
𝛿1𝛿2

𝛿0
Single layer of boron nitride: honeycomb

Charge accumulated over one cycle in direction 𝑗 approximately given byΔ𝒫𝑗 ≈ L∫𝑇0 G𝑡 𝒯(𝑃(𝑡) [𝜕𝑡𝑃 (𝑡) , 𝜕𝑘𝑗𝑃 (𝑡)]) ∈ ℤ⇝ Formula for Chern number of a vector bundle over 𝕋3⟹ Δ𝒫𝑗 ∈ ℤ, robust under continuous, gap-preserving transformations

Panati, Sparber & Teufel, Arch. Rational Mech. Anal. 191, 2009, L., diploma thesis, 2005, De Nittis & L., J. Phys. A 46, 2013
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Periodic Operators, Their Band Spectrum and the Bloch Bundle

Band spectrum of silicon along special directions

Exploit periodicity• Discrete Fourier transform decomposes𝐻 ≅ ℱ 𝐻 ℱ−1 = ∫⊕𝕋𝑑 G𝑘 𝐻(𝑘)• 𝑘 ↦ 𝐻(𝑘) analytic• 𝜎(𝐻(𝑘)) = 𝜎GLVF(𝐻(𝑘))𝐻(𝑘)𝜑𝑛(𝑘) = 𝐸𝑛(𝑘) 𝜑𝑛(𝑘)
Kuchment, Floquet Theory for Partial Differential Equations, 1993
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Periodic Operators, Their Band Spectrum and the Bloch Bundle

Band spectrum of silicon along special directions

Analyticity of 𝑘 ↦ 𝐻(𝑘) implies𝐻(𝑘)𝜑𝑛(𝑘) = 𝐸𝑛(𝑘) 𝜑𝑛(𝑘)• Band functions 𝑘 ↦ 𝐸𝑛(𝑘) continuous,
locally analytic away from band crossings• Bloch functions (eigenfunctions) 𝑘 ↦ 𝜑𝑛(𝑘)
locally analytic away from band crossings
(suitable choice of phase)• For family of bands separated by a gap:
associated projection𝑃(𝑘) = ∑𝑛∈ℐ |𝜑𝑛(𝑘)⟩⟨𝜑𝑛(𝑘)|
is analytic on all of 𝕋𝑑
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Periodic Operators, Their Band Spectrum and the Bloch Bundle

Band spectrum of silicon along special directions

The Bloch bundleℰ(𝑃) ∶ ⨆𝑘∈𝕋𝑑 UDQ𝑃(𝑘) ⟶ 𝕋𝑑• Analytic vector bundle• Oka principle applies:
analytic triviality = topological triviality• Topology of vector bundle (up to
equivalence) characterized by Chern
numbers (𝑑 ≤ 4)• 𝑑 = 2 + 1: 2 of 3 Chern numbers areΔ𝒫𝑗 ∶= L∫𝑇0 G𝑡 𝒯(𝑃(𝑡) [𝜕𝑡𝑃 (𝑡) , 𝜕𝑘𝑗𝑃 (𝑡)]) ∈ ℤ

Hatcher, Vector Bundles and𝐾-Theory, 2009 11 / 23
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A Simple Model for Graphene-Like Materials and Its Parameter Space

𝐻(𝑞1, 𝑞2, 𝑞3) = ( 0 𝟙 + 𝑞1 𝑆1 + 𝑞2 𝑆2𝟙 + 𝑞1 𝑆1 + 𝑞2 𝑆2 0 ) + (+𝑞3 00 −𝑞3)
𝛾 + 𝛾1

𝛾
𝛾 + 𝛾2

𝜓(1)𝛾𝜓(0)𝛾
𝜓(1)𝛾+𝛾1𝜓(0)𝛾+𝛾1

V

𝛾1−𝛾2
−𝛾1 𝛾3 𝛾2

−𝛾3
𝛿1𝛿2

𝛿0

• Nearest-neighbor hopping parameters𝑞1, 𝑞2 ∈ ℝ• Stagger 𝑞3 ∈ ℝ• 𝑆𝑗 shift operators in the 𝑗 = 1, 2 direction

De Nittis & L., J. Phys. A 46, 2013
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𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

• Relevant energy gap at 𝐸 = 0• 0 ∈ 𝜎(𝐻(𝑞))?⇝ Red region in 𝑞1𝑞2-plane (𝑞3 = 0)• Define parameter space𝑋 ∶= {𝑞 ∈ ℝ3 ∣ 0 ∉ 𝜎(𝐻(𝑞))}
for the gapped phase

De Nittis & L., J. Phys. A 46, 2013
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Analyzing the Topology of Parameter Space

𝐻(𝑞1, 𝑞2, 𝑞3) = (𝟙 + 𝑞1 𝑆1 + 𝑞2 𝑆2) ⊗ 𝜎1 + 𝑞3 𝟙 ⊗ 𝜎3

𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

Full Model• Connected components 𝜋0(𝑋) = {𝑋}• First homotopy group 𝜋1(𝑋) = ℤ2
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Analyzing the Topology of Parameter Space

𝐻(𝑞1, 𝑞2, 𝑞3) = (𝟙 + 𝑞1 𝑆1 + 𝑞2 𝑆2) ⊗ 𝜎1 + 𝑞3 𝟙 ⊗ 𝜎3

𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

Model with Symmetry• Impose 𝑈1 𝐻 𝑈−11 != 𝐻 where 𝑈1 = 𝟙 ⊗ 𝜎1• Implies 𝑞3 = 0• Reduced parameter space𝑋𝑞3=0 ∶= {𝑞 ∈ 𝑋 | 𝑞3 = 0}
where we impose gap and symmetry
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𝐻(𝑞1, 𝑞2, 𝑞3) = (𝟙 + 𝑞1 𝑆1 + 𝑞2 𝑆2) ⊗ 𝜎1 + 𝑞3 𝟙 ⊗ 𝜎3

1Gap

𝑞2

𝑞1

2

2

1
Gap

Gap
No Gap

unperturbed graphene

Model with Symmetry• Impose 𝑈1 𝐻 𝑈−11 != 𝐻 where 𝑈1 = 𝟙 ⊗ 𝜎1• Implies 𝑞3 = 0• Reduced parameter space𝑋𝑞3=0 ∶= {𝑞 ∈ 𝑋 | 𝑞3 = 0}
where we impose gap and symmetry
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𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

Full Model• 𝜋0(𝑋) = {𝑋} vs. 𝜋0(𝑋𝑞3=0) = {1, 2, 3}• 𝜋1(𝑋) = ℤ2 vs. 𝜋1(𝑋𝑞3=0) = 0
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Periodic Deformations and Loops in Parameter Space

𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

Time-periodic operators• Assume 𝐻(𝑡) = 𝐻(𝑡 + 𝑇 ) for some 𝑇 > 0• Assume 𝐻(𝑡) of the form from before• Assume 𝐻(𝑡) is gapped for all 𝑡 ∈ ℝ⟹ ∃ loop Γ ∶ [0, 𝑇 ] ⟶ 𝑋 with𝐻(𝑡) = 𝐻(Γ(𝑡)) ⟺ Γ ↔ 𝐻
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Topological Charge Only Depends on [Γ] ∈ 𝜋1
Assuming… is true

a Δ𝒫𝑗 ∈ ℤ topological invariant

b Invariant under continuous, gap-preserving
deformations

𝜂1
𝑞11

−1

𝑞2

1
1
0

𝑞3

𝜂2 No Gap

2
2

A Priori Knowledge• Value of Δ𝒫𝑗 only depends
on equivalence class [Γ]• Induces maps 𝜋1(𝑋), 𝜋1(𝑋𝑞3=0) ⟶ ℤ2• 𝜋1(𝑋) = ℤ2⟹ compute Δ𝒫𝑗 for generators of 𝜋1(𝑋)• For [Γ] = 𝑛1 [𝜈1] + 𝑛2 [𝜈2] ∈ 𝜋1(𝑋)Δ𝒫𝑗([Γ]) = 𝑛1 Δ𝒫𝑗([𝜈1]) + 𝑛2 Δ𝒫𝑗([𝜈2])• Symmetric model topologically trivial:Δ𝒫𝑗 = 0 as 𝜋1(𝑋𝑞3=0) = 0 and 𝐻(𝑡) ≃ 𝐻0

De Nittis & L., J. Phys. A 46, 2013
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𝜂1
𝑞11
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1
1
0

𝑞3

𝜂2 No Gap

2
2

Theorem (De Nittis & L. (2013))Δ𝒫𝑗([𝜈𝑘]) = ±𝛿𝑗𝑘 ≠ 0, i. e. model is
topologically non-trivial

⇝ Important as Δ𝒫𝑗([𝜈𝑗]) = 0 is possible!⇒ During deformation VJQ 𝑞3 needs to change!

De Nittis & L., J. Phys. A 46, 2013
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Take-Away Message

What have we learnt so far?• Bulk-boundary correspondences: physics → topology• Needs to be established on case-by-case basis
for classes of operators• 𝜋0(𝑋), 𝜋1(𝑋), [𝕋𝑑,*U𝑘(ℝ𝑗)] etc. have appeared• ℤ- and ℤ2-valued topological invariants
characterize topological phase

16 / 23



. .. .. .. .
Topological Phenomena

. .. .. .. .. .. .. .. .. .. .
Homotopy Definition

. .. .. .. .. .. .
Discrete Symmetries

Characterizing Topological Phases

Direct approach• Advantage: Can provide
exhaustive classification• Vector bundles with symmetries ⇝ vector
bundles with symmetries (De Nittis & Gomi)• Topology of non-selfadjoint tight-binding
operators ⇝ braid group
(Wojcik, Sun, Bzdušek & Fan, Phys. Rev. B 101, 2020)• Downside: 𝜋0(𝑋) and homotopy groups
not algorithmically computable!• Downside: Typically very hard, limited to
specific dimensions and situations

𝐾-theoretic approach• Advantage: 𝐾 groups are
algorithmically computable!
(Prodan & Schulz-Baldes, Bulk and Boundary Invariants for Complex
Topological Insulators, 2016)• Can deal with disorder• Symmetries typically require sophisticated
versions of 𝐾-theory
(Freed & Moore, Ann. Henri Poincaré 14, 2013)• Downside: Generally provide a coarse
classification of topological phases⇝ May not be enough to distinguish

topological phases from one another
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1 Overview of Topological Phenomena in Physics

2 Homotopy Definition of Topological Phases

3 Discrete Symmetries
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Relevant Symmetries for Selfadjoint Operators

Reducing out ordinary symmetry 𝑉𝐻 ≅ (𝐻+ 00 𝐻−)⇝ study block operators 𝐻±
on eigenspaces of 𝑉

Symmetries for selfadjoint operators𝑈 𝐻 𝑈−1 = ±𝐻
where 𝑈 are (anti)unitary maps with 𝑈2 = ±𝟙

Type Condition on𝐻 𝜎(𝐻) =
ordinary 𝑉 𝐻 𝑉 −1 = +𝐻 +𝜎(𝐻)
chiral 𝑆 𝐻 𝑆−1 = −𝐻 −𝜎(𝐻)±75 𝑇 𝐻 𝑇 −1 = +𝐻 +𝜎(𝐻)±3+ 𝐶 𝐻 𝐶−1 = −𝐻 −𝜎(𝐻)
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Topological Classes
Symmetries of 𝐻 ⟷ Topological Class of 𝐻• Relies on L𝜕𝑡𝜓 = 𝐻𝜓 (Schrödinger equation)• 3 types of (pseudo) symmetries:𝑈 unitary/antiunitary, 𝑈2 = ±𝟙,𝑈 𝐻(𝑘) 𝑈−1 = +𝐻(−𝑘) time-reversal symmetry (±TR)𝑈 𝐻(𝑘) 𝑈−1 = −𝐻(−𝑘) particle-hole (pseudo) symmetry (±PH)𝑈 𝐻(𝑘) 𝑈−1 = −𝐻(+𝑘) chiral (pseudo) symmetry (𝜒)• 1 + 5 + 4 = 10 topological classes⇝ 10-Fold Way/Cartan-Altland-Zirnbauer Classification• Physics crucially depends on topological class

(Altland & Zirnbauer, Phys. Rev. B 55, 1997; Freed &Moore, Ann. Henri Poincaré 14, 2013; Chiu et al., Rev. Mod. Phys. 88, 2016; Kawabata et al., Phys. Rev. X 9, 2019)
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Phases Inside Topological Classes

• Inequivalent phases inside each topological class• Continuous, symmetry-preserving deformations of 𝐻 cannot
change topological phase, unless either
– the energy gap closes (periodic case) or
– a localization-delocalization transition happens (random case)• Phases labeled by finite set of topological invariants
(e. g. Chern numbers but also others)• Number and type of topological invariants determined by
– symmetries ⟺ topological class and
– dimension of the system• Notion that Topological Insulator ⟺ Chern number ≠ 0 false!
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Bulk-Boundary Correspondences

𝑂EG\(𝑡) ≈ 𝑇EG\ = 𝑓(𝑇EXON)
• Properties on the boundary can be inferred from the bulk• Hard physics problem: Find topological observables 𝑂EG\(𝑡)• Hardmath problem: Number and type ⟷ topological class
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Thank you!
Q&A
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