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Classical Cheeger inequality
Introduction CC-geometry

Sub-Laplacians

Main result and sketch of proof
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Cheeger constant

Let Q cR” be a bounded domain.

Definition

o(0A)
w(A)

hD(Q) = n;\f

where Ac AcQ
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Cheeger inequality

Theorem (Cheeger)

AP(9) 2 7 ho(9)?

A\

Definition (Dirichlet spectrum of Q)

0<AP@ < A2 < A2(Q)<... 100

are eigenvalues of —A with Dirichlet boundary conditions
e« Q8
> QO

\
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Spectral theorem

Let Q cR” be a bounded domain.

-Au=\u, ulpa =0

Theorem (Spectral theorem)

The operator —A : D(-Ap) € L2(Q) — L%(Q) is self-adjoint and positive.
It admits a discrete sequence 0 < A\P(Q) < \P2(Q) < ... of eigenvalues. The
corresponding eigenfunctions u,(x) form an ONB for L%().

v

Theorem (Min-max principle)

. Vul?
2P(Q) = R[u] = ”
) = ey L= e T2

The minimum is attained if and only if u is an eigenfunction corresponding
D
to A7 ().
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2
AP(Q)= min R[u] = [vul
ueHL(Q) ueH(Q) |ul
o Finding bounds like A\P(Q) < ... is simple.
o Finding bounds like AP(Q) > ... is more delicate.
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. Vul?
AP(Q) = R[u] = ”

r (@) uerl%l?ﬂ) L] ueH(Q) [ ul?
o Finding bounds like A\P(Q) < ... is simple.

o Finding bounds like AP(Q) > ... is more delicate.
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Suppose X, Y are vector fields on R3.

Dy :=span{X(p), Y(p)}
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Suppose X, Y are vector fields on R3.

Dy :=span{X(p), Y(p)}

Question: Can we reach any point by a horizontal trajectory?

V() = u(t) X,y +v(t) Yoo
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Question: Can we reach any point by a horizontal trajectory?
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Question: Can we reach any point by a horizontal trajectory?

Answer: It depends.
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Heisenberg group

Heisenberg group on R3:

a vy o
X = -=

Ox 20z
Y:8+££

y 20z
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Heisenberg group

Heisenberg group on R3:

a vy o
X = -=

Ox 20z
Y:8+££

y 20z

Then, [X,Y]= 2.
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Heisenberg group

Heisenberg group on R3:

a vy o
X9 202
Y:i.}.iﬁ

Oy 20z
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Heisenberg group

Heisenberg group on R3:

a vy o
X9 202
Y:i.}.iﬁ

Oy 20z

— We can reach every point.
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CC-spaces, definition

Definition

@ M: connected manifold

Martijn Kluitenberg (BI) Cheeger Inequality of February, 2024 10/28



CC-spaces, definition

Definition

@ M: connected manifold
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CC-spaces, definition

Definition
@ M: connected manifold
@ U — M Euclidean vector bundle
@ f:U— TM bundle map, i.e.
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CC-spaces, definition

Definition
@ M: connected manifold
@ U — M Euclidean vector bundle
@ f:U— TM bundle map, i.e.

u—s1m
M
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CC-spaces, definition

Definition
@ M: connected manifold
@ U — M Euclidean vector bundle
@ f:U— TM bundle map, i.e.

Uu—= 1™
N
M
o Z1(M): set of horizontal vector fields

2Zu(M)={foc:0el(U)}

Martijn Kluitenberg (BI) Cheeger Inequality of February, 2024 10/28



CC-spaces, definition

Definition
@ M: connected manifold
@ U — M Euclidean vector bundle
@ f:U— TM bundle map, i.e.

u——s 1™
%l”
M

o Z1(M): set of horizontal vector fields

2Zu(M)={foc:0el(U)}

is bracket-generating.
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CC-spaces, examples

Example (Riemannian manifold)
U=TM, f =idtm
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CC-spaces, examples

Example (Riemannian manifold)
U=TM, f =idtm

Example (Sub-bundles of TM)
U =D c TM sub-bundle, f : D = TM inclusion
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR™
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Example (Free CC-spaces)
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR"™
@ ¢ el (U) global ONF
o Generating family: X;=foe € 2 (M)
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR"™
@ ¢ el (U) global ONF
o Generating family: X;=foe € 2 (M)
o If 0 el (V) then
a(p) = 3 ui(p)ei(p)
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR™
@ ¢ el (U) global ONF
o Generating family: X;=foe € 2 (M)
o If 0 el (V) then
a(p) = 3 ui(p)ei(p)

hence

(foa)(p)=f (D ui(p)ei(p)) = ui(p)Xi(p)
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR"™
@ ¢ el (U) global ONF
o Generating family: X;=foe € 2 (M)
o If 0 el (V) then
a(p) = 3 ui(p)ei(p)

hence

(foa)(p)=f (D ui(p)ei(p)) = ui(p)Xi(p)

Note:
@ X; may be linearly dependent
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CC-spaces, examples

Example (Free CC-spaces)
o U=MxR"™
@ ¢ el (U) global ONF
o Generating family: X;=foe € 2 (M)
o If 0 el (V) then
a(p) = 3 ui(p)ei(p)

hence

(foa)(p)=f (D ui(p)ei(p)) = ui(p)Xi(p)

Note:
@ X; may be linearly dependent
@ It is not restrictive to assume that U = M x R™ [Agrachev 2019]
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CC-spaces, examples

Example (Heisenberg group on R3)

0 vy o
xX=2 Y
ox 20z
Jd x0
Y=oy " 202

o R3xR2 L TR3 given by f(p,u,v)=uX,+v Y,
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CC-spaces, examples

Example (Heisenberg group on R3)

0 vy o
x=2 Y2
ox 20z
Jd x0
Y=oy " 202

o R3xR2 L TR3 given by f(p,u,v)=uX,+v Y,

Example (Grushin plane on R?)
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CC-metric

|v]l = min{|u|: ue Up and f(u) = v}, veD,

Induces inner product g,(v,w) by polarization (v, w € D,)

-
() = [0 [v(t)]l dt, dcc(p,q) = inf{f(v),~: p — q horizontal}

dcc is a metric on M inducing the manifold topology

'
uz

uy +uy = v

Aol
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@ Applications of CC-geometry to other fields

e Magnetic fields [Montgomery 1995]
e Two-level quantum systems [Boscain 2002]
e Image processing [Mashtakov 2019]

o Essence of classical results
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Horizontal gradient

Definition (Horizontal gradient)
Horizontal gradient of ue C*(M) is Vyu € Zy(M) s.t.

g(Vhu,X)=Xu, Y XeZn(M)
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Horizontal gradient

Definition (Horizontal gradient)
Horizontal gradient of ue C*(M) is Vyu € Zy(M) s.t.

g(Vhu,X)=Xu, Y XeZn(M)

Proposition

If X1,...,Xm is generating family, then

m
VHu =Y (Xju)X;
i=1

In particular, the RHS is independent of generating family
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Divergence, sub-Laplacian

Definition (Divergence)

Fix a volume form w € Q"(M)
Divergence of X € 2 (M) is

divy,(X) w = Lxw
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Divergence, sub-Laplacian

Definition (Divergence)

Fix a volume form w € Q"(M)
Divergence of X € 2 (M) is

divy,(X) w = Lxw

A\

Definition (Sub-Laplacian)
Sub-Laplacian of ue C*(M) is

Au =div,(Vyu)
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Divergence, sub-Laplacian

Definition (Divergence)

Fix a volume form w € Q"(M)
Divergence of X € 2 (M) is

divy,(X) w = Lxw

Definition (Sub-Laplacian)
Sub-Laplacian of ue C*(M) is

Au=div,(Vyu)

Proposition (Gauss-Green formula)
For u,v e C*(M) we have

L0y [TtV = i s
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Spectral theorem

Let Q € M be a bounded domain.

-Au=\u, ulpa =0

Theorem (Spectral theorem)

The operator —A : D(-Ap) € L2(Q) — L%(Q) is self-adjoint and positive.
It admits a discrete sequence 0 < A\P(Q) < \P2(Q) < ... of eigenvalues. The
corresponding eigenfunctions u,(x) form an ONB for L%().

v

Theorem (Min-max principle)

) Vhul)?
A(@)= min R[u] = ”
! ueSt(Q) uesy (@) | ul?

The minimum is attained if and only if u is an eigenfunction corresponding
D
to A7 ().
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Horizontal variation

Fix a generating family Xi,..., Xy,
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Horizontal variation

Fix a generating family Xi,..., Xy,

Definition (Horizontal variation)

Horizontal variation of ue C*(Q) is

Vary (u; Q) = sup o u(x) Y X' pjw
J

peF
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Horizontal variation

Fix a generating family Xi,..., Xy,

Definition (Horizontal variation)

Horizontal variation of ue C*(Q) is

Vary(u; Q) = sup/ u(x) Y X' pjw
peF JQ Jj

where 7 = {p = (¢1,...,0m) € G°(AR™) : sup,eq T o (x)* < 1}

Note: X = —X; —div,,(X;) denotes the formal adjoint
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Horizontal variation

Fix a generating family Xi,..., Xy,

Definition (Horizontal variation)

Horizontal variation of ue C*(Q) is

Vary (u; Q) = sup o u(x) Y X' pjw
J

peF

where 7 = {p = (¢1,...,0m) € G°(AR™) : sup,eq T o (x)* < 1}

Note: X = —X; —div,,(X;) denotes the formal adjoint

Definition (Horizontal perimeter)

Horizontal perimeter of E € Q is

Pu(E;Q) = Vary(xe: Q)
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Co-area formula

Proposition

For u, Q2 sufficiently nice:

VarH(u;Q)=/§;|VHu|w
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Co-area formula

Proposition

For u, Q2 sufficiently nice:

VarH(u;Q)zfQ|VHu|w

A\

Theorem (Co-area formula)
[Garofalo 1996] For u,Q sufficiently nice:

Varp(u: Q) = f: Pu({u> t})dt
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Co-area formula

Proposition

For u, Q2 sufficiently nice:

VarH(u;Q)zfQ|VHu|w

A\

Theorem (Co-area formula)
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Sketch of proof

Theorem (Dirichlet-Cheeger)

AP(Q) 2 $hp(Q)%, where hp(Q) = inf, ZHOAD
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Sketch of proof

Theorem (Dirichlet-Cheeger)

AP(Q) > $hp(Q)%,  where hp(Q) = inf, 24D

Let u be an eigenfunction corresponding to AP (Q).
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Sketch of proof

Theorem (Dirichlet-Cheeger)

AP(Q) 2 $hp(Q)%, where hp(Q) = inf, ZHOAD

Let u be an eigenfunction corresponding to AP (Q).

[1vnta)ax =2 [ Jul|9nuldx
Q Q

<2|uf[|vrul

=2/A7(Q) [ul?
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Sketch of proof

Theorem (Dirichlet-Cheeger)

AP(Q) 2 $hp(Q)%, where hp(Q) = inf, ZHOAD

Let u be an eigenfunction corresponding to AP (Q).

[1vnta)ax =2 [ Jul|9nuldx
Q Q

<2|uf[|vrul

=2/A7(Q) [ul?

On the other hand

L 19n)ldx > ho(Q) [ dx = ho(2) ul?
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Sketch of proof

Theorem (Dirichlet-Cheeger)

AP(Q) 2 $hp(Q)%, where hp(Q) = inf, ZHOAD

Let u be an eigenfunction corresponding to AP (Q).

[1vnta)ax =2 [ Jul|9nuldx
Q Q

<2|uf[|vrul

=2/A7(Q) [ul?

On the other hand

L 19n)ldx > ho(Q) [ dx = ho(2) ul?

Thus AP(Q) > 2hp(Q)? ©
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Sketch of proof

Theorem (Co-area formula)

/S;|VHf(x)|dx:[: Pu({f>t}:Q)dt
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Sketch of proof

Theorem (Co-area formula)

/S;|VHf(x)|dx:[: Pu({f>t}:Q)dt

[Q|VH(U2)|dx:[RPH((?{U2>t};Q)dtth(Q)wa({u2>t})dt
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Spectral theorem

Let Q € M be a bounded connected domain

du

—Au=\u, il
u u e

=0
oQ

Theorem (Spectral theorem)

The operator —A : D(-Ap) € L2(Q) —» L?(Q) is self-adjoint and positive.
It admits a discrete sequence 0 = A\ (Q) < A\Y(Q) < ... of eigenvalues. The
corresponding eigenfunctions u,(x) form an ONB for L%().

v

Theorem (Min-max principle)

. Vul?
A (Q) = R[u] = ”
2( ) ueSlr?Sl297uL1 [U ueS1(Q),u1l ||UH2

The minimum is attained if and only if u is an eigenfunction corresponding
to \Y(Q).
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Neumann case

Definition (Horizontal normal)
@ p e 0 is characteristic if D, ¢ Tp(0Q) (In this case ny(p) =0)
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Neumann case

Definition (Horizontal normal)

@ p e 0 is characteristic if D, ¢ Tp(0Q) (In this case ny(p) =0)

o If not, Dp + Tp(02) = ToM so 3! ny(p) in D, orthogonal to
Dpn Tp(02) (up to minus sign)
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Definition (Horizontal normal)

Neumann case

@ p e 0 is characteristic if D, ¢ Tp(0Q) (In this case ny(p) =0)

o If not, Dp + Tp(02) = ToM so 3! ny(p) in D, orthogonal to
Dpn Tp(02) (up to minus sign)

For E be sufficiently nice

Pu(E; Q) = 7535 bW
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Neumann case

Definition (Horizontal normal)

@ p e 0N is characteristic if Dp ¢ T,(0) (In this case ny(p) = 0)

o If not, D, + Tp(02) = T,M so 3! ny(p) in D, orthogonal to
Dpn Tp(02) (up to minus sign)

Proposition

For E be sufficiently nice

Pu(E; Q) = ygE bW

Definition (Neumann-Cheeger constant)
o(%)

A (8 = inf @), ()

where the hypersurface ¥ separates Q into Q7 U Q)
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Nodal domain theorem

Theorem (Nodal domain theorem)

Let Q ¢ M bounded, connected and with smooth boundary. Assume
@ 0Q contains no characteristic points (T,(0)) ¢ D)
@ M, w and Xi,..., Xy are real analytic

Then, eigenfunctions corresponding to A\l (Q) have at most k nodal
domains.
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Nodal domain theorem

Theorem (Nodal domain theorem)

Let Q ¢ M bounded, connected and with smooth boundary. Assume

@ 0Q contains no characteristic points (T,(0)) ¢ D)

@ M, w and Xi,..., Xy are real analytic
Then, eigenfunctions corresponding to A\l (Q) have at most k nodal
domains. )

Theorem (Neumann-Cheeger)

()2 7w (Q)?
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Nodal domain theorem

Theorem (Nodal domain theorem)

Let Q ¢ M bounded, connected and with smooth boundary. Assume
@ 0Q contains no characteristic points (T,(0)) ¢ D)
@ M, w and Xi,..., Xy are real analytic

Then, eigenfunctions corresponding to A\l (Q) have at most k nodal
domains.

Theorem (Neumann-Cheeger)

()2 7w (Q)?
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Sketch of proof

o Let u be an eigenfunction corresponding to \Y(Q)
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o Let u be an eigenfunction corresponding to \Y(Q)

@ By Courant's theorem, u has precisely two nodal domains Q.
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Sketch of proof

o Let u be an eigenfunction corresponding to \Y(Q)
@ By Courant's theorem, u has precisely two nodal domains Q.
e Without loss of generality, w(£24) > w(Q-)
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Sketch of proof

o Let u be an eigenfunction corresponding to \Y(Q)
@ By Courant's theorem, u has precisely two nodal domains Q.
e Without loss of generality, w(£24) > w(Q-)

@ u|g, is an eigenfunction for a mixed boundary value problem on Q.
corresponding to APXed(Q,)
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Sketch of proof

o Let u be an eigenfunction corresponding to \Y(Q)
@ By Courant's theorem, u has precisely two nodal domains Q.
e Without loss of generality, w(£24) > w(Q-)

f’ a

@ u|g, is an eigenfunction for a mixed boundary value problem on Q.
corresponding to APXed(Q,)

o MY(Q) = AP (Q) > T hixea ()2 > 2hn(Q)? ©
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Summary

Theorem (Main result)

Let M be a CC-space, 2 € M connected, bounded and with smooth
boundary. Assume

e 0L contains no characteristic points (T,(02) cD,)

o M, wand Xi,..., Xy are real analytic
Then,

()2 7w (Q)?

with

=in o(2)
hn(R2) = zf min(w(Q1),w(Q2))

where the hypersurface ¥ separates Q into Q1 U Qy

[arXiv:2312.13058]
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Further research

@ Applications

Martijn Kluitenberg (BI) Cheeger Inequality 16" of February, 2024 28 /28



Further research

@ Applications
@ Lower bounds on hy(2) or hp(2)

e Carnot groups?
o Almost-Riemannian structures?
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@ Applications
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e Carnot groups?
o Almost-Riemannian structures?

@ Using singular volume form?
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Further research

@ Applications
@ Lower bounds on hy(2) or hp(2)

e Carnot groups?
o Almost-Riemannian structures?

@ Using singular volume form?

Thank you for your attention!
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